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.Abstl”act

WC dcsclibc  a  s]~cctroscopic measurcmcl~t  of Ihc
Icmpcratul.  c a]lci lillcar  cicl)sity  of IIg+ ions licld ill a
liucar ion tlap (1.1’lj. ‘lllc illfcrl  ccl tclllpcratulc and
]lulllbcr  result flol{l  al~alysis  of sidcl>a}~cls  oll Ihc 40.5
(.; ]]7, rcsoIIa Ilcc lime. ‘Jhc tcmpc]-atu~c of the ion cloud
is dclellllillcd  by ‘the l)opp]cr broacicl)cd  lirlc  wllcIl
]I]icsowavc  raclialiol~  is pmpagalcc]  aloIlg  Ihc axis of
l.hc. 1,1’1”. WhcIl propagatio~l  is pcrpcllciicu]ar  10 lhc
trap axis I]IC micrrm’avc.  siclcballds  arc disp]ficcd  from
I.hc trap secular frcqu<,llcy  by all amc)u]lt dcpcllcicl)t
u]ml the ion cloud sim and tell) pcraturc.  A h40l)Ic-
~c;a]]o sil)lu]atiol~  of the io]~ t rajectories illsidc  the
cloucl  is used to mode] the.position of {I]cscsiclcba])rls
for a given C1OUCI  tc]])l)cralll~-ca]lci  a Coll)]):iriso]llvilll
l]lcasulcd  sidcballd posilioll  is uscci to cictclmille.  iol~
IIulllbcr.

Ojlc of Illc ]a]gcst  frcqucl~cy  offsets  ill ]all]p  based
Iluffc]  gascoolcti  hfcrcury  iol} frcquc]lcy  sla)ldalclsis
IIIC SCCOIIC1  o~clcr  l)opp]cr shift flom the. tllcrl~~al  a)~d
llliclo-l)mtioll  of the. io]ls  withi]l  the IIap[l ,2]. At 10CJIH
lcmpcralulc. with IIg+ ions ill a 1 .] ’J’ this shift is
(1 + 2./3) 3kI,’J7(21J~Cz)  ==3.5xl 0“13 for a slllall  cloud whcI c
s])acc. charge scrcell~il~p,  of the ~ill)c. averaged ~rappin[:
field is IIcgligib]c.  III Ibis case a l~~easu~cmcl~t of iol~
c]oud tcll~pcr:iturc  accura!c  to 10% mwu]d y i e l d  a
Icmm tcmpcralurc  I lg clock with accuracy at fcw pal (s
ill 1014 , apploachillg  that of the best primaly  C.csium

. . . . . . . . . . . ______ . . . .

standards currcl]l]y ill c)pcratiollo ‘l-his poper  LiescIibcs
Iclll]>clature  JIIcasulcmcHls  and ion llullll~cr  clctcrllli-
IJalioll  for iol~ clouds held ill a Iillcar icm t] ap. Such
mcastll-cmcl~ts  aIc IIcccssa Iy to assess clock  flcquc]lcy
offset frolll  Ihc 211d mdcr  1 hpplcr  shift and to dctcr-
ll~il~c  clock accuracy[3].  Kllcm’ledge of cloud si~c. a])ci
tclllpcraturc,  also se I~Ics as a useful dia~lloslic  of io]~
It ap opc I atiol~.

. . . .

];igulc 1: 1 ,il~car ion trap ]csi(iillg  ill its hif.1] i’acull  III
cnclosu~ c. Stale sclccliol\  light flolll  the 2(’;1 l!, dis-
charge lamp is focwscd  Onto Illc Ccl)lral 1/3 of lhc of
the io]l cloud. Alomic  fluorcsccllcc  is collcclcd  IIC~III)al
to tl)e. page.

1 ‘1’llis  \\rOIk rcprcscllts OIIC p]lasc  of Icsca Icl~ cal~icd out at the JCI l’m~)ulsiol]  l.al~o]al[)ljr,  CTalifo] ]Ii:l
]ustitutc.  of ‘1’cc])IIo]ogy,  Ij]]dcr c~])tract  10 I1)C  National  Aclollautics  and Space Acllllil~is(ratiol~,



l;iglll C 1 SIIOWS 1110  ]J1  CW’111 I .1’1’ Collfiguratioll  as used
ill clock opcraliou[4].  Ions arc Collfillcci  ill the cylirlclri-
Ical clouci up 10 75 mm ill lcnglh  by a fcw mm in
ldiamctcr.  All ion’s thcrma] motion insiclc Ihc CIOUCJ
wi[l kad to a high frcclucmy secular motion cO~rc-
:sponciing  10  ll-allsil  across the fcw mm cloud ciialtlctcr
land a Iuuch loJ1’cr  frequency Corresponding 10 axial
;motioll  akwg Ihc. approximately 7S mm long cloud,
‘\VIIcIl  Ihcrc arc only a fcw ions in IIIC trap IIIC Icsu]-
l[allt  forces 011 Ihc ions arc prcciomillatc]y  frolll  lhc
Irappillg  ficlcis.  ‘Jlc  l]-allsvcrsc  moliol~  is then llarmoll-
ic. and all ions ullcic]go IImtioll  at Ihc sccu]ar  frc-
qucl~cy  of the trap. As Ihc 40. S C]IIY. raciia{ioll  prcq>a -
j~atcs radially Illlollgll  lhc cloud all ion’s  moliol~  ill Ihc
l.rap will ]Ilodlllalc  Ihc p]lasc of lllc  micrcmm’cs.  ‘J”his
results i]) sidcb:{nds  on Ihc atomic a b s o l u t i o n  spcctrunl

of fscl flolll  lhc 40. S G] 17, cal!icr by IIIC Iral> SCCUl Or
ftequcllcy a]ld its l~:irl~~o]lics.  As l~~orc  iol~s  a~c acidcd
1 0  Illc lIap Illc Culllula!ivc  e f fec t  of the l]ap])cd
clIa Igcs bcgil)s 1 0  s h i e l d  lhc l i m e  avcl agc(i  II apping

f i e l d s  fIom lhc i n t e r i o r  o f  t h e  i o n  cloud.  10])s Ilmvillg
illsidc  t h e  cloud ‘,\’ill ]10 loll~er f e e ]  IIIC  ]Ia]n]ollic

Ilapping  u’cl] and lhc J-csull  is a bmadcncd  aIIci dowlI-
$l~jflcd ])ol>l>lcl’ siclcl>allcl  SpCCt  I Lllll.  \\}G  11:11’C COll)~)Ut -

c d  lhc spcctr Ul]l  01[ mic]mvavc.  power seen ly ii]) ion
l]loving thIough Ihc c l o u d  by a hIol)tc-Ck]lo  sanlpling

of ion lrajcclo~-ics and I])c rcsulti]]g p h a s e  }rariation.

l:or :i fixcci clouci Icmpcralurc  t h e  l)opp]cr s i d e b a n d

shifts d0\4’n\VarCi  IIlolloto]lically  w’ith illc~ casing  llulllbcr
of I]appcd  ions. OIlcc Ihc ioll  Icmpcraturc  has l>ce]l
ll~easu~ ccl lllc cloud size. is dctcrmillcci  by adjustill~  iol]
llu]llbcr  until Inc. sil~)ulalcd  :{nci Incasu Ied sideband
frcqucnc.ics  IIlalclI.

\Vc lllcasul  c. ion Icnlpcralurc  spcct  roscopically  by
plopagalillg  lhc 40.5 G]]?, rcsojlal]cc ]a(iialioll  alc)]jg
l’hc 75 1)]1)1  long axis of the ion cloud, ]n Il]is  collfi/,u -
I :itioll  ion collfillcnlclll  is 10 Iinlcs Illc ivavclcllgth  of
llhe 7,5 11)11) resonance radiat ion and lhe ])opplcr v.’idth

of the 40.5 (;117,  absolplioll  ]inc.  is uscci  to dctclnlille
Illc cloud tcll)1~cralu1c[5].  IIccausc  the 50 mini-gauss
[Jias ficl~j  is paI:illcl to this axis of lhc trap aIlcJ  llcIlcc
l>c]pcndicular  [0 the oscillating magnetic fic]d of the
Il]ic] Ow’avc  Iaciiaiion, ll\c allowed trallsilic)ns  obey
Llllll.  =:{ 1. ‘J-hcsc  Irallsitiolls  arc fro]n tllc l;==O, ml.= (l
sI, ate. to lhc 1:=:1, lHJ.Z:  -i 1 7,cc It):i Il slates. l;igu~c 2
Sllov,’s  l])c ])opp]cr ~>1 O:idellcd  lllicl-oival~c  ]illcs  o1>-
Iaillcd  by p~o})agati)lg  nlicro!vave.s  :i]ong this ciircclion.
‘ J  “IIC  \Yid(l]  Of  I]lc n]icro\\a\,c  [Ia]lsiljo])  is

3\l =- 2(\)& )(2k,,’J’* ]]],2,/]1)) 1’~=-?.0561’1/z  kI1/,  [6], \],’] lCIC.

‘1’ is lcl)Ij)cIatu  Ic. ill Kc]vill. ‘1’hc  46 kllz  w’idc spcclla]

liucs ill l:ig.  2 illciicatc  all ion cloud tcmpcralurc.  of S00
K. IIy usc of t h i s  Icclllliquc  \\’C have  mcasurcci  ion
cloud temperature Varialiolls  With llclium  buff’cr  gas
pressure. As show ill l;igurc  3 the ion tcmpcraturc
varies from 2610 K at 2X10”8 ‘1’orr(ullcorrcctcci)  to 480
K at 7X10”6 ‘J’011 (unco]mclcd).  l:or the clouds used ill
our clock  mcasurcmcllts  1 Iclitllll  prcssllrcs  above 2xIO”6
‘l’ol~-(~ll]corrcctcci)  arc llcccssal-y  for l~litlimllm  tcmpcr-
alu Ics.

l:igur c. 2: ‘Ihc ])opplcr  bro:~dcncd 7<CcIn:~ll  hyl)c~fillc
ttal)sitions  l;= O,mI.==O  to l;= l,mI.=:+.  J Which al’c Used
to dctcrmit)c the IIg+ tcmpcraturc.  l;or Ibis lllcasurc-

l]~cllt lhc 40.5 GIIz l-adialion  passc~i  :ixially  Illrough
lhc 75 11)111 long Clouci,

1 0 <c

o

4-10

I i .,. .:

}Iclil]l,l  [Jtcs:LJrc(lO”c”lC,rr)

l;igulc 3: IIg+ cloud [cmpcratulc  w ilcliulll  buffcl’ ~w
pressure os dclcrl)lincd  flolll  lllc (kll~jJ!cr  lvi(lll]  of IIIC
40.5 GIIY llansilio]l.
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IJy pmpagalillg  Illc 40.5 GIIL rcsollallcc radiation
pcrpclldicu]ar  10 lhc long axis of the. ion cloud wc call
im’csligatc Ihc abscnplion sicicbands R’llich stcm ftc]lll
Illc high  f] cquc]lcy  scrcu]ar  ion molioll  across the. cloud
tiialllclcr.  ‘Jhc IIlcasurcd rcsol}allcc slructurc  is sl~mw
ill l;igulc  4 (a) Olld (b). 11) l;ig.  4(a) Il]c. helium l)~-cs-
sul c is 5x10’8  “I’c~rl(tll~c  orrcctccl)  so io]l tcm~)cratulc is
owr 2000 K. ‘J’hc calculatcci  secular ftcqucllc-y  at tbc

]:igu] c 4 :  Sidcbalj(l  spcctla oblaincd Iy tIaIlsI’cIsc

II,icr{mmvc  illulllillallioll  of lhc ion cloucl as  sho\l’]1  il~
l;i~. 1. (a) 1 ,ow hc]iuljl  buffer  p]cssulc al~d Icsultillg
ion tcI]lpclatu  I c wcr 2000 K. Si(icl)al)ds  Snow’ I’cry
li(tlc. shift  flom the. 62 kIIz t]ap secular f~cqucllcy.
(1))  Sidclmll(is  shift by 10 kllz,  as the IIcliutll  piL’ssulc
is ill~’lc;isc(i aIl(i ion lclll]~eratu]c  fa]is 10 650 K.

opcratil)g  rf voltage lCVC1  (140 V~lts rms @> 8S3 k] Iz)
is 62 kI Iz, allci is i}~ good agtcc.l~]cl~t  with tl~c frcqucl~cy
of the trallsvc.rsc.  Sicicballds. ‘Ilis ill(iicates  low ion
clcllsity  sillcc there is IJo sifpificalll  scrccllillg  of the
trappil}g ficl(is  by lhc ion space charge. IIy cmhast
1 ig. 4(b) shows that the siclcl~allcis  haVC  shifted closer
to the 40.5 Gllz callicr  by about 10 IiI17.  as the helium
pressure was il~cl-cased to 2x10“6 ‘J’orr(ul~col-I  cctcci).
‘lllc sifpal  sim has also quaciruplcci  sillcc  really more
ions arc Irappc(i  ull(icr  these collciitiolls.

‘l”hc. approach usc(i  ill predicting the. frcqucllcy of Ihc
s e c u l a r  sidcbancis  as cicscl il)cci ~bm’c is 10 (Ictcrminc

t h e  lllicl m’avc. f] cquc]lcy  Spcctr  Um Well b y  all ic>ll
il~sidc.  the cloud\ 7]. A spherical wavcfrol~t  is il~cidcllt
oll the iol~ c l o u d  flom a dislal)cc  1<.. ‘lhc mafvlctic
ficl(i sccll by a]] ion at posilio}) r at lill]c 1 is

]I(r,t)=  IIOe.xp[i(kL,,vl-  O1)]/(kp,,r)

\\ ’l)c I”c kp,, = 2T1/)bp\, and 1,,,, is tllc w’avclcllglh of tl)c
IIlicl owaw  “radiatiol~, =7. S m m . ‘1’hc ions :irc ill
tl~crlllai  lllotioll  illsicic  the clou(i so that I =--l(t) au(i the.
sp)~c] ical lJmvc  is nmduhlcci by lhc individual ion
IImtiolls.  ‘J’his “Il]otioll  is clctc]nlil]c(i by Ihc V e l o c i t y

ciisl] ibulioll  a]ld Inc. shape of the ion cloud. ‘Jllc lo]tg
Illi]l clou(i leads  to llliclow’avc  ]Ilodulalio]l  flcqucl)cics
of 01 CiCI vr,,*,/J ) a]l(i  V,),,J’l , u’here v ,,,}, is lhc 11)0s1 prol~:i  -
blc. vc]ocily for lhc ions at tcmpcratulc  ‘l’, 1) is the
c]ou(i dian]ctcr  a]lci 1, is lhc clou~i Icllg,lll.  ‘llIC pmvcl-
sl~cct!al  cicllsily  of (he. 40. S Cil Iz ~aciialioll  as sccll by
the cJlscmblc  of col~fil]cd moving ions is Ichlcd to lhc
autoco I t clatioll  fuuclioll  of the. micsowavc  magilciic
ficlci through IIIC cosillc  tlfillsforl~l  (Jl)icl~cl-Kl~illtcl}illc
‘1’llcmcm)

P(G)): Jd@(T)cm(oT

R’llCI c $(7) is tl]c.  autocolrclalio]l  function

I)(7) = l]O’1{c[cxl>(-ik  p,,(l(7)-1  (0))l’(kv,,’l  (Q (T))]

‘I”hc aI’cl:igill~ is to bc carlic(i  Out cwcr t h e  iol~ic
Ir:{jcclolics  tllrou~]l Ihc c l o u d .  ‘1{)  gcllclalC t h i s
:{VCI agc a set of illit ia] col]ditiolls consistent \vitll  Ihc

velocity aIICi p[~sitioll  (iis[libutioll  functions is chosc II
w’ith  a Ilajcclory  bcil]g gcllclat  Cd till  OU.gh lhc potent-
ials SCC]) illsidc  tllc clou(i.  l.gllolillg  mllisiolls,  all ion
lllo\’cs  ill ICspol]sc  10 tllc Spcc ChWf, C potcl)lia]  of lIIC
utllcr ions all~i lhc. l)allllol)ic  Ilap potclltiai.  ‘1’IIc



s[artil)g poil~t is calculation of the dc~~sity plofilc  for a
;qivcl] numkr of ions at lcmperaturc ‘J’ ill a cyliTl(iri-
(Ually  symmclric  harmonic  Irappil)g WCII of scmlar
frcqllcllcy  Q [8]. ‘IIIc icm cloud is assumcci  to bc of
Iul)iform  iiucar dmsity  U p  to [hc e n d s  of IIIC trap.

)llc~lt?.]jlallll  ll~g:ily  l’rofilc. .. —— —.-.

Wc assuu]c that the. ion cloud is iu thermal cquilibri-
U]ll at tcl~lpcralul  c. ‘1’ so lhat Ihc ion ]Iumllcr  (icnsity
])(p) salisfics  a IIcllltz,manll  (iistl-ibulion [7]

n(p)’  “I)(o) cx])[-a J,o,a,( ())/kI\’l”]

V,’IIC’1 c  q),o:aI(p)’l  IlkJ2p2/2+  qq,c(p) is the sum of Iilc
II al}pil~g field a]lci  iol~ cloud space charge potcl]ti;il
cl)clgics,  lcspcctivc]y  and p is the radial  Ciistallcc  fro]ll
Iilc trail  axis. I’oiswl)’s  cquatioll  (V?q$c(p)=  -qn[p)/cC,)
ICa{is  to a lloll-lillcol  diffircl]ti:ti  cqu:iiio])  for n(pj

n“+ 11’/f)-(ll’)%l-i  ll(llo-ll)/(Ilo A,)~)=. o

VVIICI  c J)O= 2E011)C02/ClJ  is the pscuciocharg,c  or saturation
density for ions in Il)c trap. ‘Jlc l>clyc icj~gtll
).,,2= iii,’lkP/(110q2) :=1<,1’17(2111  C02) is a mcasux  C of tllc
IIcl]ctlatio]l  lc]~gtll  of lhc time avcragcri  ~rappillg  ficids
i)lllo  Ihc ion cloud illtcl-ior.  ‘Jhis  cqu:itioll  is Ilu]l)cIica]-
ly SOlVCLi  ( suhjcct  I,o 2mJp]~(P)dp  =- N/l. ) via RuJ).g,c-
Kut[a ]))CIIIOCIS  10 give. d(;l~sity  profiles :is sho~{’1~  ill
l“iSurc. 5. ‘Ihc 62 ii~l~, trap secular frcqucllcy  icads to
a satumliol] dcllsily  of 34,840 ions pcl mm~ whicil at
S00 K iol~ tclni>c~atulc  git~cs  a l)cbyc lcI~g(h  0.26 IIIII\.
l’mill 4wll[,a3/3==  1 \Ye estimate all illlcr-ioll  spacing
a  ~ 19 pill :it saluraliol)  (icllsity. ‘Ihc dcllsity  p:ofilc
cictclll~il~cs  I1lc. [eta] sccol)d orclcr  shift of the tl-appc(i
i(~lls  a s  d i s c u s s e d  ill Api>cll~iix  1.

j(l]l  Oll}its

Aflcl  lhc. dcllsity  Cquatioll  has I>cc]) solved lilt total
imtcll(iai  See]) by aH\ ion is computcci  f] om
(] 1 (1~[,1 P): kI{’J’’lI~(I~(ll)/II(FI)). Ail Ollit  ill [his 2-~iill}cll-
SiO1lil I Ccl]lla] force ilas  tw’cr collslallts  of motion [9],
Illc angular  moI]lcIltu]ll  1, amunci  tllc z a x i s  al]d Iilc

Ic,tai Cllcrgy  ill the (p,U)  p]a I]c. l{,,dn,,  i . e . ,  lhc.  kil)clic
]~lus  jmtcnlia]  cncjgics. ];O]lO\Vill~  t])C IJIOCCd  UJ CS

cicscJ il>cci i]l Oppcl]ciix 2 all initial  position all(i vc]ocity
aJ c f,c IIc I’:~lcd  co]~sis(cnt  \vit]l  I]Ic.  radial (ic}lsity  p)ofi!c
fol a set iil~cal  dc]~sity  N/1, al)d IIlc

\

];igurc  S: (.’:ilculatcci  ion cicllsi[y  profiles fol 500 K ion
~clllpcralurc  aI 6 2  Iillz trap sccula] flcqucllcy.  ‘lIIC
i}ighcst  dcl)sity  shovw is 2x107 io]ls  ill 75 lllm  lc])gth.

hi:~xl~’cll-lloltzl~)al~ll  ~Tclocity  distribution at tcmpcra-
Iul c ‘1’. 1, allci  l;,rd:,$ alc compulcd at Ib i s  il]itial  }mi]~t
a]l(i lile  xaciia] turllillg  poil]ls  of tllc mllil  alc foun(i by
solving 1 ‘,,,,,,, - 6J,o,a,(p)-1,2/2111  p2= O .  ‘1’hc. olbils al ~.
illtcglalcci  10 tile Iacii:ti  turllillg  points 10 fillti  t h e
angular turllillg  poil~ts  [9]

( )-lz’/21nf)’)/m)  ’’’(itd f) = (2(1 ~,,;, ns-@lol,l  P

cl@’ (1,/111 p2)d  L

Sillcc t he  Olllits  alc illvaliall(  Ulldcl  ~cf!cc[i(~ll  :ib{i~lt
lllc. tu~llillg  ]wil]ts [ 9 ]  t h e  coll~plcle  Il;ljccloly  i s
gcl]clatcd ly a ]lu]llbc] of succcssil’c  lcflccliolis.  ‘Ihc
II]otioll  of al) iol) alol)g  tllc  z-axis of tile lI:IIJ is :ts-
sl]~l}cd to  IIc a ullifolll~ J’clocity  ($,cllclatc(i  flol)) lI]c
J~clocity  (iist 1 ibu(iol)  as dcscribc(i  ill Apl)c]ldi~  2) Imck
:111(1 folth l)clw’CCll  tile’ ~rai~ CII(IS. 1:01 cacil il]iti:li
col~dilioll  a l)ajccloly  of duration ~= d IJlscc is gclIcI  at-
c d ,  A  tiii]c. SC:IIC COJ~lltlO]] to ali lI]c [I:lj.cctolics  i s
gcl)cI:itcd so tliat tllc :illt(>c~~llci:lli(lll  fullctloll  :It L’:IC]J

Ii]]lc s t e p  T,, is a\’cIaf,cd  c o v e r  tllc 4 , 0 0 0  to 1 0 , ( ) ( 1 ( )

ll-ajcctor  ic.s  t y p i c a l l y  e m p l o y e d , ‘Ibis  fllllctioll  is tllco
l;oulic]  tlallsfollllcd  to f,ii’c the poli’cl sl~ccllal  (Ic]lsity

SCCII l)Y l!IC  CI)SCJI1lJIC  of ]I]oi’inp, 01(01  ))s.
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l;igu~c 6: Silllula(cd  sidcbal)cl  sll uclu]c f’o] tlallsvclsc
p.topfigal  ion of :1().f  CiJ Jz, racliatiol~  acJ oss io]l cloud.
‘J’]IC  Ul~lJCI CUJITC  COX-ICS]>C)IICIS  10650 K \\it])  .$xl  05  iol]s

in 7 S  II]m lc])~,tll,  ‘J’he lo\J’er  CUIVC a l  650 K \vitll
2 ,5x1(T  ions ill 75 l]~m b:is Siclcllallds  slliflc(i  ill by 10
kl IZ fml~l the 62 kIlz t]ap sccul:ir  frcqucj)cy  ill ap,lcc-
lllclll  \villl  Inc. llleasurc(i  sl)ifl  of l;ig. 4(1>).

I~igul c 6 SIIO\\TS the simulated sicicbanc]  structure for a
c]ou(i of ions al 650 K of linear ckmity  5X105 ions j~cr
7.5 IIIrH  at 62, k] Iz trap secular ft cqucllcy.  LJl~cier  IhC.SC.

coIlditions  Ihc sidebands arc sharp and arc sligllt]y
(iisplaccci  ill\\’arci from the 62 kI IZ secular frcquc]lcy,
As the lillcar  dcnsily  is incrcascd  to about 2.5 X10c/7SIII.
m the Si(icballds  sh i f t  illwarci  by about 10 ii] Ix :{s
sho\vJ~  ill the mcasurclllcl:t  of l:igurc 4(L)). ‘J-he (iopp.
ICI” frcqucllcy  sllifl  Ullcicr  Illcsc collCiitiol)s  is -4.5xjo’s
flom Ihcrlllal  motic)ll all(i  -4.3X1 O“ls floIll Ihc llliclo-
IImtiol) gcllcralc(i  by the lrapl)illg  ficlci,  ‘Ihcsc arc the
apl)]oximatc collciiliojls  f o r  \+’llich lhc 1  Ig+ C]OC~

stabiiity  of 7~30”]4T”112 V,las ol>t:til]cci  [~],

(~ollglusio!ls

\\ ’c. lla\’c  do\ Tlopcci  a sl~cctloscopic  ]]]cthoci  fc)r
IIlcasulitlg  Iclllpclatul’c, ic)ll ]lullllwl  al~~i Illc  Icsulling,

?IIci  orcicr l)opplcr  shift of tllc 40.5 Ghz clock trallsi-
Iioll for IIg+ “1011s ill a  lillcar ion Iral}. ‘llIc  i~]~ c]ouci

lcIn]>cItItuIc is ol~taillcd  frol]l lhc. l)opp]cl  blo:ldel)eti
\viCitll  of t h e  40.5 G] 17. Y.cc]ilall  Ilal]sitiol]  \\’llcIl  lIIC

nliclowa\’c.s  aI  c propagalc~i alo]~g  lhc axis of Il]c 1.1’1’.
‘1’lIe  i~oll  llumbcr is Illc]l (iclc~millc(i  hy modc]lillp, the,
frcqucl~cy  of lhc. secular sicieballcis  ol>laillc(i  \\’llc]l  l]IC

40.5 G] 17. ~acii:itioll  p~opagatcs  3C1OSS the. ion clolld. 111
clock opcralio]l  Jvilh 7X10”14T”]’J stabi]ily  \vc. h:ivc used
Il)is l)]ctllo(i  10 lllc:isu]c a -8.8x l(i”]~ flcqucllcy of fscl
ciuc to 2nd o~(icr l)opp]cr  shift at 650 K a])(i lil]car iol~
(Icllsity  2. Sxl,0c/7S  m]]l.

‘l”hc rcsollallc.e  frcqucllcy, fO, of al] ion IIlovillg  W i t h
10I:+I \~clocity \’ \vili bc shiftc.(i  by Af frolu lhat of a
st atiolla]-y  iol~ by Af/fO==  -IJ2/2c.2.  l~or ~]1 ion ill all I f II :J1~
tl]c. velocity is lhc. SUII1 of a cirivcll  mo[io]l  l’,,,iC, O al)ci a
I ail{io])] ll]cl  mal molioll  l’,),. ‘Jlc micloll~olioll  \’clocity
~’mic,o i s  dctcJIIliIlc(i by all iol)’s  position  ill t he  IJ:IIJ
\\ ’llcrcas  lIIC ma, g]lituc]c all(i  (iiTcclioll  of V,~ is ujlccJl-
lclatcci  \vitll  an ion’s ]Josition. “lI)C  a\’cl;l~C’  S(c’o]l(i

orcicr ciopplcr sl~ifl for all c]lsc]]llllc  of ions  at Ic]]]l)cj  -
:11111’C  ‘1’ is

- (\~,,,i,,c,-t  v, J?/2c~ = -- (v,,,  ic,,>~ -i v,,,~)/L?c?

Ilccallsc  the average m’cr the pmciuct  Vr,)ir,  C, OV,l,  \I:IIIisll-
Cs. ‘Jllc l\\To  Sources call lIIUS bc Computed Sc]):ilalcly.
Sillcctilc a\rcta!:c of V,l, 2  o\Ic] tl~c. vclo(ity  <Iisilil>tlti(>ll



is 3Jc1)’17m,  tllc  collllil~ulioll  from Ihc thcma]  motiol]
is -3 JcIi’JY2111C2.

‘lllc  cmtribulion  f r o m  lhe mic~o-molion  i s  t h e
.avcrage  of VnllC,02 cwcr the CJc.llsity  dislri[>ulioll  I)(p) as
dclcrmimd  Ilumcxic.al!y  from eq (l). ‘Illc time. avcr-
,af,cd ll]iclo-molioll  gJows wi th  r ad ia l  distallcc  p,
‘V,,) ;”’>2 = a~z”pz  [10]  so that

iln,icrok Jl)(p)p6J’p2dp/J1  l(p)pdp,

111 lhc lilllit  of la:rgc k],, the Solution  to cq. (1) is
]l(p)= ll(0)CXp(-  p2/4  ).1)2) and the  211d dopp]cr f]-olll
1,1 ap ficl{i gc]lcralccl  iol] molioll  is -JcI,’l’/mc.2.  ‘Jhis  i s
2/3 o f  Il)c Ihcrmall colllrihutioll  a]ld slcms  f:olll  Ihc
~act that  rf or polldclomolivc  folccs plo\’idc  t h e
l,lappil)~ il} 2 of the 3 spatial dimcl~sio!:s. IJy co]lt]as[,
~)vllc]l  ),1) is very small  colllparcd to t h e  ic)ll cloud
ra~iius,  Ihc. solutio)l  to cq. (1) is I)(p)=:l]O  out to the

l/j4 1)1 t]lis  limit, lhc Ilapcloud I ficlius I/C= ((N/l  .)/1107r)
field i~~duccd  211cI o~dcr dc~pp]cr shift  is
-(q’/8m,,rmc2)N/J.

‘lllc sclcclion of llIc six initial posilion and v e l o c i t y
t:ool(lillalcsforallic~ll  Cllsclllblcat  lcll]~>cr:ittlrcrl’lvitll
dcllsity  dist]ibulion Ii(p) is al Ihc hcaxl  of Ihc avc]ag-
ill.g plOcc(iUrC  Used to Colllputc  the aulocol{clalioll
ftlllclioll.  WC follow the. lcchlliquc  outlined ill rcfcr-
cllccs [11,12] allcl \\’ill  illustrate Sclc.c.tioll of Ihc illilial
ladialposilio]l  cc>olclillatc.. }VccoIlllllltcl  l)c.l~1c~l>al)ilily
distributio]l  for aIl ion’s radial positio]l  from the.
(TIIIIpUt  Cd dcllsity  profile II(p). The l~ulllbcr  of iol~s
fOlllldl)ct\l’ccn  p and p+clpis 2T:J)(p)pcJp sothal  tllc
l>lo[>:il}ililj~c  iislril>lltioll  forra(iial  positiollp(p)  is

p(p)=:ll(p)p/(Jo”’ll(p)pclp).

A lalldo]ll  llumlwr,l  ~, is Sclcctc(i  ill thcilltcl\’al (0,1)
\\’ilh the. collcspolldillg  rarli:il posiliol~  pt sclcclc{i  m
that ~=-jOPCp(p)dp.  ‘lhc sclcc(ioll  flcqucllcy  o f  lhc
laciial  posilioll  p is Illcll ill agrcclilcllt  \\’iIll  the (lislli-
[Jutioll  p(p). All six c)f tllcil~itial  ~~all)cs  ;~rccl]c>scl} ill
this l])al~l~cr, the IJlagllilu(ic.  of tllc ion Vcl(lcity flo~ll
tllch4:ix\\c11-llc~ltz,l~lal~ll  clistril>utioll  attcl~ll~c~  :lt~llc’1’,
the. allglc.  of Ihc. ic,ll vc]ocity alo]lg (I)c.  trap loll,gitu  -
(iil)al  clircctio]l  (/,-axis)  fro])]  ot~ c.os”](l-2~),  aIICi  s{}

fO1tll.  l:or cac]l  of the six initial \’alucs  all illdcj]clldcilt

lalldol~~ l~u~~llmr ~ is CIIOSCII so tl~al.the.rc. is ]~o corrc-
latiol~.  A rcprcsclltalivc histogram of iuitial  velocity
compollc]~ts  alo]~g  the Z. ciircclioll  gcllcralcd from Ihc
speed al]ddircctioll  sall]})lillgissllo\l’11  ill l;igurc A(l)
for all iol~ tcmpcraturc  of S00 K.
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l;igurc A(l):  ‘J IIc. g, CIICI-at Cd clisllil)utio]~  o f  tl)c z
component of ion velocities. ‘his hislog~:im  is crcatcd
flon]  Ium illdcl)cndcnt]y  gcllclatcd  disl]ibulions-  t h e
hfax\vcll  distlibutic)n  of ion speeds allcl the vc]ocity
clirc.ctio]l  al]glc distlibutiol~  with respect lo the. trap
lollgitudii]:il  axis.
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